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THE SOLUTION OF A THERMOELASTICITY PROBLEM FOR INHOMOGENEOUS BODIES
IN TERMS OF STRESSES BY THE PERTURBATION METHOD ~

P.A. KUNTASHEV and IU.V. NEMIROVSKII

Using the general properties of positive-definiteness of the elasticity
theory operator, the convergence in an energy metric is proved for the
solution of a thermoelasticity problem for a three-dimensional continuously
inhomogeneous isotropic body by the perturbation method.

The convergence of a solution by the perturbation method was proved
earlier /1/ for the plane problem of the theory of elasticity of
inhomogeneous bodies on the basis of properties for representing harmonic
functions in terms of an integral with a weak singularity and the
properties of multidimensional singular integrals. A comparison is given
in /2/ between the exact solution and a solution constructed by the
perturbation method for a special case of the plane problem, and their
agreement in the domain of convergence is noted. Another approach that
relies on the theory of integral equations is described in /3/, where
an analysis is given of three-dimensional boundary value problems of the
linear theory of elasticity and thermoelasticity for homogeneous and
piecewise-homogeneous media, including existence and uniqueness theorems
for the solutions.

1. we consider a linearly elastic inhomogeneous isotropic body occupying a finite
domain V with surface A. The body is fastened at a part A4; of the surface A, where there

are no displacements ;. On the remainder 4. of the surface A. a surface load r; (i acts
in conjuction with the vclume forces X; (v and the temperature field 7 () to cause elastic
stresses z;; and strains ¢ .

Moreover, following the general methods described in /4/, we give a formulation of the
thermoelasticity problem and we prove the existence and uniqueness of its solution,
Let ¢, = a (T — T)4,; denote the thermal strain tensor, where =« is the coefficient of

thermal expansion, 7, is the initial temperature in the undeformed state, and 6,, is the
Kronecker delta. We assume that the nature of the state of stress anéd strain and the thermal

field enables the linear Cauchy relationships for the strain, and the Duhamel~Neumann
relationships
b — by Byt e ey Bys,j (1.1
to be used.
Here ;. ., are the deviator parts of the stress and strain tensors; summation is over
the repeated indices, and the functions B,. B,. characterizing the compliance distribution

in the elastic body, are expressed in terms of Young's modulus E and Poisson's ratio + in
the form

By = E1(1 — 2vi>0. By= E7l {1 — vy >0,

We assume the functions B, () and B,(} to be continuous and strictly positive in V.
We will assume that besides the external load a tensor s;;7 characterizing it is also given
and satisfies the conditions

S,,—Xi= 0 on Vi, m=p; on A4, (1.2

The comma here denotes partial differentiation with respect to the appropriate coordinate,
and », are the vector components of the unit external normal to the surface 4, Relative

to the nature of the external load and the thermal field we assume that the appropriate
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quantities o; and e; belong to the space L,(1) of nine-dimensional vectors of square-
summable functions
b3 = (509 = {3, 70000 < oo (65,9 <. .3

We introduce the scalar product

(3, 0lp = S (% B3y — Botyys,) dV (1.4
for stress tensors from L,(1).
We denote the norm induced by the scalar product (1.4) by | Iz and call it "energetic".
It can be confirmed that the norm | |z is equivalent to the norm of L,(I) and
I3, 3] < B2 (5. 9). (3, 3) < 2?5, slp (1.5
(v2=f§ggg min (B, (-), By ()7, ﬁ”=(325 max (B (-), By (-))

We introduce the space D of continuocusly differentiable tensors in V that satisfy the
homogeneous equilibrium equations and the homogeneous force boundary conditions

D={s;;|5;&C (V) 5 ;=0 0n Vigun;=0 oONn 4. (1.6)

We call the supplement of the space D in the energy metric the energy space V¥. By
construction D CC1(1)C L,(}). We show that ¥ CL,(}). Indeed, since the energy norm and
the norm of L,(I) are identical in conformity with conditions (1.5), the closure /D/ in

either metric agrees and eguals V. Then the desired embedding ¥ C L, (V) results from the
known /5/ closure property M, — M,= {M,]Z [M,] and the completeness of L,(I"

DY L, (). ' (1.7

We call the generalized solution of the thermoelasticity problem the stress distribution
s=¢+1 that minimizes the Castigliano functional /6/ in
Kty = jsf —1*ig*— 2(¢°,1*) — min . (1.8)
eV

The necessary condition for this functicnal to have a minimum is
ity =gty YrreV 1ah) = —( 1) — s g . (1.9

We will show that here ! is a linear functicnal bounded in ¥ ., We have (the supremunm
is taken for [frtijg=1
filg=sup|— (% 0 — [o°, xlg [ < sup | (e°. )| 4 sup | fo®, tlg <
sup (P 120 T RN Losup (o T g S af el Bllot e

According to Riesz's theorem /7/, a unigu: element < exists in the Hilbert space ¥
that yields a representation of the linear functional ! bounded in ¥ in the form of the
scalar product (1.9). The Castigliano functional is reduced by substituting (1.9) into
(1.8) to the form K(1*) =}t — 1*|g? — |10z? 4+ 0*fz?. which shows that the element te&V¥ satisfying

(1.9) achieves the absolute minimum of the Castigliano minimum.
Therefore, the existence and uniqueness of the generalized solution of the thermoelasticity

problem are proved.

2. The practical solution of the thermoelasticity problem for an inhomogeneous body will
often be fraught with computational difficulties. In many cases it is convenient to use the
perturbation method procedure which reduces the thermoelasticity problem for an inhomogeneous
body to a series of thermoelasticity problems for a homogeneous body.

We separate the given inhomogeneous distribution of elastic compliances B;(.) into the
sum of a homogeneous distribution of compliances H; and a perturbing addition —1b; (-} such
that

B, ()=H;—th (). 0t <1, 0 bi ()< Hi.i=1, 2. 2.0
This can always be done by taking numbers ¢ H; satisfying the conditions
1 — (min B, (+)) (max B, {-))7? <t < 1; max B (Y<H<({ —tyimin B(-) .
=V Q134 v =V

We will seek the generalized solution of the thermoelasticity problem (1.9) in the form
of a power series in the parameter t



-2
y ¥tk
T = -rﬂ-‘; ER kg‘g Ti]) . (2.2)

Substituting (2.1),(2.2) into (1.9), grouping terms and equating those with identical
powers of t to zerc, we obtain a series of thermoelasticity problems to determine ™

T(o): h(m_ T.]H = — (e°. t-) — [o®, T.]H‘ Vi*e Vv 2.3}
W D, ¥y = L {(2%), VIt @ W5 o (1%) = [8°+ %, ¥, (2.4
PLLEt It(k»l)’folg - ‘k (), V¥rire ¥ lk (%) = [.:(k)’ t‘}b N (2.5
We will show that the linear functionals Ik, k=1,2,... are bounded in V. To do this
we use the following inequality that results from inequality (2.1)
[o, o}y < {6, alg . 2.8

Let ™)y < oo then {the supremum is taken for Jt]y = 1) by using (2.6)
I g = sup [ e, 2], | < pe™ sup el < 1700 sup Dol = 110 oo
A similar estimate can also be obtained for the linear functional . Here ® is

bounded in ¥ as a solution of the thermoelasticity problem (2.3) whose properties were
studied in Sec.l. From the boundedness of the functional {, it follows from the above~

mentioned Riesz theorem that the solution 1t® of problem (2.4) is defined uniguely, and later

by induction all the +®) are defined uniquely from the recursion sequence of problems (2.5).
It is thereby proved that each component of the series (2.2) for the stresses in an '
inhomogeneous body is defined uniquely.
We will prove that the series (2.2) converges in the energy metric ¥. Because of the
completeness of ¥, it is sufficient to verify, for this, that

n
gz tkt”‘)ﬁgz—-O 8% m—s, R~—00. 2.7
k=m
We will first establish certain useful properties of the functions . Expanding

the expression [1™V "V} yging (2,5) we obtain the property {1, 1" Djg = ™, 1]y which
when applied p times will yield

[rim, ,.im}H = [t P, T(nw))ﬁ i {2.8)

We replace the components to the right of the large quantities by (2.6) in the inequality
2{a 1) | < Lo o)y + 1. 10, that follows from the non-negativity of the expression [o—1fp?. We
obtain the estimate

2o thi<lo oy =ty . 2.9y

Furthermore, we take 1* = 1""% in relationship (2.5), and using inequality (2.9), we
obtain ! . !
Prdt <yt (2.10)
The property

P P Pt k=t 0 p=12.. . 2.41)

that results from the Schwartz inequality and the inequality (2.10), also holds,
To prove property (2.7) of the convergence of series (2.2) of the perturbation methed,
we construct the following chain of inegqualities by using properties (2.8) and (2.11):

” 2 2n
} Eo(ky ) 4 i 3
PR I R
e H pe=2m iz2m, j2m. idj=p
m
2 1 (p—-»zm-f-i} {T(P—D, Y(i)]H<
p=im
no
S Fp—2m )P0 ) <

pm2m
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The numerical series ELw converges under the condition 0<r<! assumed, consequently,
the sequence of its partial sums is fundamental. Therefore, the last expression tends to
ZeYO 85 m-— 00, n— OC in the chain of estimates presented.

Summarizing, the solution of the thermoelasticity problem for an inhomogeneous body
can be sought by the perturbation method in the form of the series (2.2) that converges in
the energy space metric and in theequivalent metric L,(V). The stresses ™ are here

defined uniquely from the recursion sequence of problems (2.3),(2.4),(2.5).
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EQUILIBRIUM OF A PRESTRESSED ELASTIC BODY WEAKENED BY A PLANE ELLIPTICAL CRACK*
V.M. ALEKSANDROV and B.V. SOBOL'

The problem of normal pressure loading of the edges of a plane elliptical
crack is considered. The crack subjected to the load is in the open state.
The medium in which it is located is frist subjected to homogeneous
biaxial tension or compression along the plane of the crack. A model of
incompressible neo-Hooke material is considered /1/. The problem is reduced
to solving a singular integral equation of the first kind. 1In the case
when the intensity of the initial loading is identical in both directions,
the problem has arn exact solution. If the coefficients of preliminary
tension differ slightly, construction of the solution of the problem is
possible by an asymptotic method /2/. It is shown that as in the case of
equal coefficients /3/**, the initial stress doesnot alter the order of the
singularity of the stress field near the crack edge and only affects the
normal stress intensity factor. (**See also: Filippova, L.M. On the

opening of a circular crack in a prestressed elastic body. Second All-
Union Scientific Conference, “Mixed Problems of the Mechanics of a
Deformable Body". Abstracts of Reports /in Russian/, Dnepropetrovsk

State Univ.., 1981)

Analogous problems are considered in /4, 5/ for the case of equal
prestrain coefficients in a body containing a circular crack. A solution
/4/ is constructed for the axisymmetric problem for a layer under different
conditicns on its faces, and it is shown /5/ that it is possible to use
the soluticn of the problem concerning a crack in an anisotropic material.
A soluticn of the axisymmetric problem is constructed /6/ in the case of
radial finite prestrain. An asymptotic solutien /7/ is obtained for the
spatial contact problem for a prestressed elastic body.

1. Let a crack occupying the domain €, in planform be located in the plane := 0 of an
elastic space. Uniform loads o= (4 and oy =t, act in two mutually perpendicular directions
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